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f; DETERMINATION OF TEMPERATURE, VELOCITir, AND CONCENTRATION 
PROFILES IN THE MIXING LAYER BETWEEN A ROCKET EXHAUST 

JET AND THE SURROUNDING SUPERSONIC AIR STIffiAM 

PART III.  PROCEDURE FOR COMPUTATIONS AND 
PRELIMINARY RESULTS FOR A TYPICAL CASE 

J. Vaslliu 

ABSTRACT 

In Section I of thlB Part, the rtiethod of obtaining the 

initial ai-d boundary conditions for available inviscid Jet 

flow Bolutions is discussed.  Simple relations for the determi- 

nation of the temperatures, velocities, Mach numbers, pres- 

sures, and pressure gradients are derived.  In Section II the 

thermodynamic functions required in the calculationr, are dis- 

cussed in detail and listed in Table I. A program written in 

Fortran II that makes it possible to carry out the solution 

of the problem on an IBM-TO'l computer is described briefly. 

Finally one typical case is considered and plots of velocity, 

temperature, and concentration profiles are given for the 

initial stages of development of the mixing layer. 

I.  DETERMINATION OF THE BOUNDARY CONDITIONS 

It was pointed out in Section IV of Part II that values of the 

velocities and temperatures at the upper and lower boundaries may be 

obtained from the inviscid flow solution of the jet. Such a solution 
i 

was obtained by the method of characteristics for the case of an 

axially symmetric Jet of gas, with constant ratio of specific heats. 

Issuing into a supersonic air stream. For lack of other data, the results 

of this analysis will be used to obtain the boundary conditions for the 

two-dimensional mixing layer considered here, 

A.  Initial Conditions 

The conditions at x = 0 require a knowledge of the velocity and 

temperature of the Jet and the air stream at a section normal to the 

1 
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boundary. The Tlow parameters available from the Inviscid flow golutlon1 

are indicated in Figrire 1. It is noted that the Mach number of the Jet at 

a section normal to the boundary, denoted by M ,  !■ different from the 
Mach number at a section normal to the exit, denoted by M. ., the forim r 

being larger in view of the expansion taking place at the periphery of 

the nozzle. The Initial, conditions v;ill be based on M . Using the totaJ e     J 

temperature of the t\ctf  Trp , and the constant ratio of specific heats, 

X,,f  one has 

T 
T 

T 
e      ri+ 

2   e 

^3— (1) 

The velocity is expressed in terms of the Mach number and temperature 

from the relation 

U = M Jr..gR T (2) e   e \| jt m^ e e 

Where R  is the gas constant for the mixture at the exit conditions alveil 

e   m e 

with N . the molecular weight of the mixture at the exit, given by 
me 

N = ) w. m   Z.wiXi * e   ! 

Substituting Eq. (3) into (2), and using consistent imlts, one finds 

\X   T— 

.97 Mc V-y" (ft/cec) ('() U =222, e m e 

For the air-stream side one has, from the energy equation, using the 

total temperature of the stream T_, 

T    S ■j    r -1 

00 
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G and 

T T    r -i ■ . ! ♦ JL ^ 

r.o that 

r -1 ■ 
1 + 

T = I a   »o r 1 + -V K 
(5) 

The velocity cai\ be obtaineu, an before, from a relation analOßUUS to 

rlq. (U) 

Ua = 222.97 Ma fe- (ft/r.Pc) (6) 
" m a 

uhere N , the molecular vei^ht of the air ctrear.i, i;; c.iVf'n by 
a 

( Jm  r.1 Tc~r U) 
\ a  V1 x i' 

i 

'Hie concentration of rvpeciec at the nor,zlc exit can be obtained from on 

onalysiG of the problem of chemical redactions durinf, the expeasiOO of 

premixed cacec thronf,h the nozzle.2 It !■ indicated here that one may 
consider the chemical reactions in the flow to be in local equiljbriun 

up to a certain point of the oxpanDion, and to be frozen at those valuer, 

thereafter, up to the nozzle exit area and further dcwnstroan. Cuch a 

treatment yields values of the specific impulse v/liich are in ^ood agree- 

ment with observations on actual nozzles.2 The three additional species, 

namely, li, 0, and Oil, listed by heu, and Doynton2, are neglected iti this 

work. The mole fractions of the constituents used in the calculation:- 

arc given in Section III. For the air stream, the standard arcon-l'rrf 

air composition vill be used. 

D.  Boundary Conditions 

a" The method of characteristics give! the Mach number of the f.lov/ at 

either side of the Jet boundary in term:; of the dimensionler.s axial 



i  t/j_iJ  L^ rt N ri-i 
(8) 

where "1" denotes the pointc at vhich the valueG of M, and M arc knovm 

(pee Table II) . For calculatlonG on the computer, the values of M. and 

M may "be listed as a function of (x)., or thece Mach numbers can be 

exprr-scd as polynomials in x. It has been founc. that the maximum error 

incurred in usinc a ^th deß -»e polynomial approximation does not exceed 

0.50 percent. Values of the coefficients for a specific case, are Given 

in the section on input data. 

1.  Upper Boundary 

In view of the above, the Mich number on the Jet side will be 

iiiven by the relation 

Mj = a0 + v+ v2 + V3 + a4::4 (9) 

UM temperature at this boundary can then be expressed in terms of this 

Mach number as 

LJ_ «    = — 

1 + ^-^ 

(10) 

or,  in dimensionless form and usinc the notation of Part II for the f-rid 

points at the boundary, 

*j 

T    /To 

'ii+i,/     rj    T r   -1 
1+-J|-M5 

(11) 

The velocity ic obtained by a relation analocous to Eq. (M, i »c. 

uJ=222,97"j v H v D 
r. 

(12) 

! 

Ü 
distance, X/r , and the dimensionless radial distance, r/r . It is easily 

seen from Ficurc l'b that the dimensionlesG coordinate x used in this 

work can be related to the above coordinates (after linearizing each 

small segment on the boundary) by means of the relation 



•«ITaM^» «MM 

r 

c 

which can be rewritten in the folloviiv; dinennionlct-.c fonn 

U 
X\\+lt I H Ü 

M,     /r..TTr..    fT 

m 
c 

It is notrd that in Eq. (l2) and (l$) the i.ioleculai* \/eicht of the Mixture 

at the upper boundary in the Dane as that at the nozzle  exit. This Ir. 

consictent vith the remaininc boundaiy condition i.e. 

cm,' = (cl)e ("'> 

which is baced on the assuntption thnt the cornponition of the Jet, dowi- 

ntreoin from the nozzle, remainc frozen at the conditionr, at the exit. 

Equation (ll), (15) and (ih)  constitute the bound, ry conditionr. for the 

uppe • boundary of the raixirc layer. 

2.  Lower Boundary 

For the air-stream aide, the Mach number will be obtained 

from the relation 

M = P  + ß,x + P^ + P„x3 + P^x4 (15) r.   co   1    2     3     4 

Baced on thio Mach number, the temperature at this boundaiy is given by 

a relation analocous to Eq. (5) 

r -1 
rl + -V- M2! 

or, in dlmeneionleBß form, and in term:; of the notation for a grl^i point 

on the lover boundary, 

T -1 
T  T ri + ~— rfh 

2       s 

The velocity can be determined, from a relation analocouc to Eq. (6); 

Cir T 
U = 222.97 M *J-~ (l8) 
5        s ^ Jra a 



or. 

u M    Ir T   !5 
u      . ^ . 282.^ ^S ^OLLS (19) 

n a 

whore V'      1c; p.lven by llq. (7)-    Tlio additional condition on the conccn- 

trations is 

Equation (l?)» (l9) ?uicl (20) conctitutc the boundaiy conditionn for the 

lower boundary of the nixinc layer. 

C.  Relations for the Pressure and Pressure dradient 

The inviscid flow solution1 yields the stagnation pressure at both 

sides of the boundary. Values of the static pressure, required in this 

work, can be obtained fron this pressure. Since the static pressure 

i.iust be balanced at the jet boundary, one nay use the flo»/ parameters 

at cither side in carrying out the calculations. Cclcctinc, arbitrarily, 

the stream side stacnetion uressure, PP , and Mach number. M , the static 
5 ■ 

pressure, p , is niven by 
pi 

C1+-v ^) 
(21) 

r -1 \ ■ " 

or, in dimenslonlcss form. 

P, p ^T/n 
- - It -     £ 0 (oo\ P _ fTTrT-TT l":, 

O /  r -1 \ 

0+4- 'j 
The dimensionlccs pressure gradient is obtained by diffcrentiatinp; the 

above expression 

r : I P   dj 1 _ on _ 
px = dx " " '/   r -1  \ cb: /   T -1  \ (?5) 



Fron Eq. (ij) 

IM 
-^ = ß    + 2ß0X + W::p-  + l#A;:3 (-1() 

Cubntitutinc Eq.  {?.h)   into Eq. (25),  the preesure gradient  !• found to be; 

r I' P 

Px= " 

C1++- ■?) 
Tills equation is to be calculated at the point ;•: = x QG required in 

Part II. The nrer.Gurc at the nozzle exit can bo obtained from th<' 1 

nation prcsmare of the jet. Thun 

PT 

Pc = 
i____„__ (. , ) 
lr,Jr"-i 

r, -'  - Jt ^ 
G^.?) 

II.  DATA REQUIRED III THE CAJ.CUIATIOIIG 

A.  ThemodynaMic Functions 

In Part II a function f. (T), Eq. (56), has been used in the equatj »n 

for the diinensionless specific heat of each species to denote the benper- 

atui'e dependent nolar specific heat of the caü.    "ihir,  function ''.v.a tie 

expressed by means of approximtinc polynomials such as tljor.o given by 

Sweißert ;uid Beardsley. The equations are of tuo G0"0!*
1,1
! forr.ir,, and 

they are valid v/lthin a civen ran^e 

ft(.) ^ -1 ♦ A 

or 

v/here T is the temperature in 0R. Tlie equations correcpondlnG to each 

species are listed in column 8 of Table I. Their accuracy vas cheeked 

against the values civen in the Gas Tables for the ranrjc of 500-^000°K. 

The maximum error found is 0 .'^0 pci-cent for the CO^-curve, 0*80 percent 

8 
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for the 0 - and ll2-curvc, 1.0 pcrcont for the CO-curvi;,  l.'j jfncmA for 

the Hj  ami 2.0 percent for the II 0 cm-vc.    IL Lfl noted that,  la Mblfl ], 

T ic tlic dinencionlenr; tenperatin'e. 

For temperaturet; from 500on dawn to about Prj'J0l\,  the  specific heat 

riay be ar;r.uried constant.    Valuen tollen fron tlje Oac Tablcr. are al^o listed 

in colurin 8.    For 02, 1I00, CO,  II, thin ar.GU]:iption leadc to ne^liciblc 

error.    For II    and CO    the eonctant valuer, urjcd were selected nrbitravjjv 
2 2 

co ac to ßive tmil errorc (a nnjdmum of 2.r) percent)  above 300oR.    Fc lo\; 

tills tcrrperature, the eri*or for these tvo f;ar;ec is appreciable, and it 

may become necessaiy to use approximating equations. 

The function f'(T) tabulated in column 9 ll the derivative of f (T) 

with respect to the dimensionless temperature;   it appears in cone terns 

of the ttU&tgf equation. 

A method of jalculatinc the dimensionlecs enthali^y of each species 

in dlccucsed lfl Part II.    The equation obtained there   [llq.   (hi)],  is 

^=ÜTVk+Gi(V)"1,,OAhri] i po o l-    1 J 

Here G.CT) if the integral of f.d'), and is c-i-ven in colvu.m 10. Below 

500oR this term ic cet equal to zero ac noted in Part II. The constant 

h vac  comnuted from the relation [Eq. (ho)  of I'art IIJ 

500 

i- fJ(T)dT - O.foOO)   T > 50Ü
0R 

For temperatures below !)000n h_ is civen by Eq. {h2),  i.e. 
i 

h  = f (T)T    T < 500*B 

The above values of hp are tabulated in column f  of Table I. In the 
i 

case of C0a/- for T < ;300
oH; th.e vaJ.ue of f. (T) used in coiinutinr; h,5_ iq 

differr .t from the one listed in column 8, This selection ve.s nuuic in 

order to reduce the error In the appro:rir.ation. Values of the enthalpy 

el taincd by the above procedure v.'cre compared with values in the Cac 

9 

h   Jo    * » 
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TabloB at variouc tempcratureG.    The error wac found to bo rai.ill lece 

than one percent in moct of the cascr.,   (cr.ccptiontj were II    at 1O\J tonucr- 

aturen, where the error ic about 2 percent, and CC2 in the neighborhood 

of !;000R, vhoro the error ic found to be h percent).    These errorr. be- 

come ncßliGible,   in viev of the lar^e val.ues of the heatr. of j'eaction. 

The eqxiilibriun constant IZ^ (T) is diGcucccd in Pwt II, vhore the 

follo\;inc equation ir. civen: 
r F (T)-| 

r    10 la 

The function ^(T) nay be obtained fron tabulated values of the 

equilibriun conr.tant, K , Givcn in temc of preccui'er.    (ccc n.r.. Tenner, 

"Chenistiy Problenc in Jet Propulcion").    It vac found that a t;ood f^i 

to these values is obtained for both the II„0- and the CO,,- reactions 

uhen F, (T)  is c-.^prcssed as a fifth dMpPM polynomial.    In tlic VKOKp of 

1200-5000oK, the error in the values of KL (T) is about 0.1 percent 
^k 

for the ]io0-reaction,  and about 5*0 percent for the CO^-react ion.    Tlic 

polynoroials are clvcn in column 11 of Table I.    The variable, 'f',   shown 

there is a function of the dinensionlecs temperature, T,  mid is given 

by the relation 

lüöö 

TT 

] 
The factor 1.00 is used to convert the temperature to decrees Kelvin, 

an required.    It was pointed out in Part II that, below approximately 

l800oR, the equilibrium constant becomes larce enoil(^l that the ratio 

IC /K   ma7 be considered r.ero.    It is unnecessary, therefore, to provide 

a curve-fit for temperatures bolov this limit. 

Tne valuoG of Ahf , the heats of reaction listed in column 6, were 

obtained from IIBG Circular 500 (Selected Values of Chemical Thernoclynamlc 

Properties,  February 19!)2),  and are civon at absolute r-ero for the 

component in the gaseous state.    The values of ]],  and E., ci"^011 iö coliuji 
• 1 1 

5 and 6, are sonevhat uncertain.      Because of the assumption that 

These values wore sucrjestcd by F. Boynton, member of the Applied 
Research Group,  Convair Astronautics 

10 
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oxidation of 11, , and CO proceed according to a lincla itcp chcnicpj. 

reaction (diDcucued in Section III-B2 of Part II) it becomot: difficult 

to deduce values of B. and E, from the incajor experlaCPtal data avail- 

able at the present time. Vor  thin reason B. haa boMi ^roimcd, alon;; 

with other reference quantitlec, into v.  Bingle pararr.« t"i-, i;, , an r.ho.'n 

in the above-mentioned [section. The solution of the problem can thUfl b< 

caiTied out p.ai'anetrically for variou;-. values of K,. In the range nT 

variation of D. . 

B .  Hefcrence Values and Dlniensionic;;G Paranetors 

'Hie reference vnlues used in DOn^dlnensionallzins the flow pavamctrc: 

may be expressed arbitrarily in terms of the initial values In Lhc jet 

and the air stream. One may use the nean values for the vclocitlen and 

temperatures.  Thu.-., 

u 
o 

= 
Ü 

e 
4 u 

a 
n 

T1 — 
T + T 

a 
1 

O i? 

(27) 

(. ) 

For a reference pressure, one may use the pressure at the exit of the 

nozzle: 

Po = pr (Jhs/in2) (20) 

and, for a reference r.olecular v/cir;ht, the molecular weight of the Jet 

mixture at the nozzle exit: 

= \ 1 

n o 
ra 

c 
-Ivi   • "o' 

A reference density is obtained from the equation of state,usin;; the 

reference values Given above. Thus, 

\: 
v     n 

o 

In consistent units, this equation is rewrii;,.>n as 

P H 

P -V^T^A'^ to*/**) (31a) o Ijhj ,h3     T 

1.. 



c. 
The reference cpecific heat is cet equal to the specific heat of the 

rdxture at the nozzle exit.    The specific heat of each specier. at the 

exit Ic niv^n by 

(•*).-t'l® (32) 

nnd the reference neclfle heat in then 

■ 7 <Cj    ic.) (35) 
Z_J      i o      P1 f. 

c     = c no        pc 

This equation can be modified sonevhat by nr.inß the relation 

^X, V' X. 
(Cj    = i  i        .    i i 

I -      V-1 N • 
1'   Y n^ 
SXi 

jubstitutinfi also Eq. (52),  Eq.  (33) bccoaM 

in       . N  c/ 
c 

po 
o    i 

\'hcre the function f. (T ZT ) can be conputcd fro::i colvum 8 of T ble 1 . 
1    c'   c 

The dimencionlesc parameters \;hich arc functions of the   y< ;■ n .v 

valueG ßiven above will be rewritten hove In consistent units«    Those ore, 

p RT 

yo      P U        '.,'    U 
O   O mo   0 

or 
T 

ic    ■ 3" .17 x 15*»5A3 —^ (35) 
0 • Jni u^ '"o o 

and 

ß    -      u 

or,  in consistent units, 

ß 
0 

"o      c    T po o 

1                          0 
32.17 x 770.26 c   I -^      '                      po 0 

(   :   ) 

12 
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r Two other dimencionlcr.c pararioterG,  appearing in the cxprcr,Gion for the 

rate of production of cpccicE, inny also be included in thlfl listi    The 

dinensionloGS frequency factor ic ^iven by [cee Peurt II,  V.q. (Ph)] 

h 
'o ('"'V 

■      -    rk 
or, in concictent units, exprencinc BL in (en3) /(■ole) /(*K) V:;ec, nnd 

Po in ibw/ft
3, an Given by >:q. (5ia), 

.    =5.1528 x 10--^ L-^ (3^) (37) 

where the necc.';r-,ary conversion factor han been used in order to convert 

the density to (jrm/cm3 as required.    Finally, the dincnsionler.i; activation 

enercy E,, civcn by ^1 •  125J  of Vnt II 

«     s. 
k     RE o 

is written in the following fom when E    is given in cal/f,r-molr,   and 

T    in 0R: 
0 y 

■•    . J-8 Jk (38) Jk    1.90575" 

C.       Innut  Data 

In addition to the therr.iodynanic data r;ivcn in Table I,  the fo31ow- 

inc input data arc inquired for the solution of the problem.    The 

various tems arc Hsted in the order in which they appear in the coinputer 

pronran.    This program AJIII bo discussed in Section III. 

M        flach ivunber of the Jet at x = 0 e 
IT..     Üatio of specific heats for the Jet  side 

Trp.     sto^nation temperature of the jet  (01\) 

1^      free stream or fliciit Mach number 

M        liach number on the air side at :: = 0 a 
Tf^      ratio of specific heats for the air side 

T        free streajn temperatui-e (•R) 
00 * 

Ik 
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pT ctncnation precBuro of the Jet  llba/iflrj 

DT lower (■lir-sidc) boujidaiy of the elxlDG laaTOT 

k nenh BiM in the ::-dircctlon 

PT Etagnatlon pressure of the air stream (lb/in2) 

L reference lenrrth, no^r.le o::it radius (ft) 

Pr. turbulent Prandtl nur.iber 

Lc, tm'bulcnt Levll nunber 

a Jet spread factor 

II nunber of internal grid points (alvaQTl an even nurber) 

(c ) concentrations (nass fractions) of epecios "i" on the 
1  rir side, :: = 0 

X.  nolc fractions of speciec- "i" on the Jet side at ;: ■ 0 
a .a ,a .a ,a   coefficients anpoarlnc in the polynoniel for 
0 I * " 4   Mj [D*. (9)1' 

ß ,ß ,(ä ,ß ,ß  coefficients aopeorlns in the tiolynonial for 
co  x " ■  4     H tai. ii'j)) 

G 

The above coefficients,  as veil as 1!^ and I! , arc obtained tVOU the 

potential flo'./ solution of the jet1 and are discussed In Section I.    The 

najorifcy of the data are conditions on the jet or thr air streei.i that 

must be specified for each particular case.    L 'md k no:j be Gclefted 

ai-bitrarily.    A discuBsion on the value of BL is r.iven in BeetlOO III 

below. 

The values of the turbulent Lsvia BUd Prandtl nunbers arc not veil 

l:no;m.    Recent e;^erinental data on recovery factors have indicated a 

value of Pr    * 0.86,  and this value nny be used for lac!: of other data. 

In cmy case, variations in the Rrandtl nunber are not ejected to be 

larce.    Data on the turbulent Lewis munber is also lacr.in^.    The indica- 

tions are that  its value ranees fron 1.0 to l.h.    It will be useful to 

cany out the  solution of the present problen for various values of Le- 

in this raiv-e,  in order to determine its effect on the variation of the 

flow parameters. 

The jet  spread factor,  o,  required in the transformation of the 

^-coordinate is not well known,    l^rperimental values of o,  and its 

-.jossible variation uith ilach nunber arc discussed in the Append!::. 

L5 
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Finally, it chould br. pointoc] out that, h, tlic ctcp isi^c in the 

♦-direction, dooR not appear in the above list. It 1c computed fron 

B    and II, as dir.cunr.ed in Section IV of Part II. 

III.     OGHRIRR PHOGRAI; 

The equation;; derived in Part II,  alflQg v/ith the infonnation con- 

tnlned in Sections I and II of thin repoi-t,  were nrof-rn:lined,    unine the 

Fortran II oycten,   for colculntionc on an IBII-704 computer.    The procram 

conr.icto of a number of cubroutinc.o \,'hich ai'e employed aa required by 

the procedure.    Thccc  uubroutiner. contain UUBMiraUl dercriptivo commente 

and are,  in general,   rclf-e>n)lanatoi-y.    They vill be listed here,  and 

diccuDF.ed briefly,   for cane of reference. 

( 

Subroutine 

INPUT: 

COIIST: 

PRELI: 

GKIIV: 

BVAL: 

FSUJ3I,FSIP, 
GIT, and HBI; 

M0:n-3i,sp?x:i, 
ENERD: 

SOLVE: 

IIICRE: 

THAIiSF: 

provider- for ntorncc of input data,  listed in Sectio.   II-C 

used to calculate initial conditions, given in Section I-A, 
and the reference values of Section II-B 

executes preliminary operations,  such as assicninc the 
initial and boundary conditions 

contains the calculations for functions of x,   such as 
Mach numbers, pressures, pressure /-jradients, and 
the variable Ft,(u„)   [vhich contains the reaction term] 

used for calculating boxindavy values 

used to calculate themodynonic functions fjlTjj  f. (l'), 
lu, ,  and G  (T) listed in Table I. 1 

* i • 
used to calculate all coefficients of momentum,   species, 

and energy equations. 

used to solve the above equations  simultaneously 

incrementinc subroutine used to obtain the solution of 
the equations at each successive step in the 
::-direction 

program used for carrying out the transformation of the 
^-coordinate to the physical coordinate y 

( 
The program was prepared by D. Witte and P. Doherty, of the Digital 
Computer laboratory, Convair; Astronautics, and was assigned the 
number cj9'j-h2'nh2. 
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An additional subroutine, denoted afl nbroatlne "HBABS" on the firet 

pa^c of the oro^r.TJ.i, ir. planned for the futu.re. This cubroutine ;;ill 

Malic it poooible to conputo the cocfricientr; of the oquationr. at a Mid- 

point of a noch, rather than at the proccdin:: point, time inprovinc on 

the aecuracy of the numerical solution. 

The number of internal CTid  points is limited to a nay.imun of lO, 

because of the limited memory of the 'JOh  computer. The valiic of II = l3 

\/ould require the solution of ihh  equations, and the coefficient matrix 

of these equations would occupy (?) percent of the memory cells, leaving 

approximately 11000 cells for storage of other quantities, and for the 

planned subroutine discussed in the proccdinc paragraph. It is possible 

by means rf an c.rternal tape, to increase the capacity of the memoiy so 

that values of II larcer than l8 mny be accomodated. Ilovevor, the com- 

putation tine will then be increased from k  minutes, to approximately 

20 minutes, for nach step. It nny br.cono nccessaiy, at some future date, 

to use th^ external tape for at least a fev runs in order to bo able to 

evaluate nesh sine errors. 

The pgogW in its present form allows for only one value of the 

lover boundary, B.1 to be specified at the start of the solution. The 

larßer the value of IL, the further do^mstream can the solution be car- 

ried. However, for larr.e values of I5T, the step sine in the \|f direction 
1J 

is lar^c, and it becomes difficult to obtain accurate profiles at the 

initial staces of the mixing layer. It is nccessaiy, then, to start 

with a small value of DT, obtain the solution for the first few steps, 

and, then, restart the program with a larger value, in order to carry 

the solution further downstream. 

To remove this difficulty, it is planned to incorporate into the 

pvognn B new subroutine which will cause the value of I3T to increase 

automatically, ac the solution procresscs. The increase will take place 

whenever the value of the temperature at the boundary of any ßiven step 

reaches the usual limit of 99 percent of its asymptotic value • 
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IV.      TYPICAL CASE AlfD PREIJHI13ARY RESULTS 

Ac a typical problem, we will concldor the case of a two-dimenEional 

Jet of Mach number M..« 5.185 oihaustlnc into an air-r,trcam of Mach 

number !^ ■ 5 .70 at an altitude of 150,000 feet.   Table II, below, civec 

the boundary of the Jet and the Mach nuribcrs and total prcccure at each 

nlde of the boundary, ac shown In Fißure la.    The coordinates x/r    and 

r/r   are an nhown in Fioure lb.    The anßl0 i i5 'the ancle that the tonr.cnt 

to the boundary makes wi>,n the a;'.iG of syramotry of the nozzle,  and is not 

used here.    The dimenslonleso coordinate,  x tor x ), used in thic work 

was related to the coordinates of Table II by Eq. (0) as diccusecd in 

Section I-B.    The followinc simple relation was found to hold to within 

* 1.5 percent: 

— - 0.3^5 x 
e 

The Mach numbers M. and M were exprcGGcd as fourth decree polynomials 
J    3 

in x. Thus 

M - a + a x + a x2 + ax3 + B.«4 
J    0    1     2       3      4 

where the values of the coefficients arc 

a 
0 
- U.869U6 

ai - .28505 

a2 - ..6k62h x 10' 
1 

a3 
- .850U9 X 10' 

2 

«. ■ -.1+2125 X 10' 
3 

The stream side Mach number is civen by 

M » ß  + ß,x + ß ::2 + ß x3 + ß ::4 
6    CO    1     2       3      4 

with the followinc values for the coefficients 

ß 
CO 

Pi 
3 

1.96521 

.292U1 

>. = -.6Q581 X 10' 
.1 

s ■ .91005 X 10" •2 

P4 a - .'^58 X 10* 
3 
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TABU II 

DATA OBTAINED FROM THE  INV1SCID JET FLOW SOLUTION1 FOR JET 

MACH NUMBER M        = J.lflj AND ALTITUDE 150,000 ft 
Jet 

: 

CHAR ^. r/re 
1 

Degrees V 
"oj 

lb/in2,ABS 
M 

s lb/In2, ARS 

Jl O.OCO 1.000 55.55 k.£j2 1+92.0 1.965 5.1 

J? 0.090 1.059 55.55 h.&)6 1+92.0 1.991 5.1 

SO? 0.15U 1.088 55. ?6 I+.907 1+92.0 2.002 5.1 

J5 0.179 1.118 55.52 I1.928 1+92.0 2.021+ 5.1 

SU5 0.191 1.126 55.51 k.<M 1+92.0 2.01+2 5.1 

SD5 O.I'O!; 1.155 55.5O h.9% 1+92.0 2.052 5.1 

SO? 0.270 1.178 35.25 U.955 1+92.0 2.051 5.1 

JU 0.35fl 1.255 5517 M8l 1+92.0 2.079 5.1 

J5 0.557 1.552 55.00 5.028 tos.o 2.126 5.1 

SO? 0.817 1.555 52.807 5.096 1+92.0 2.196 5.1 

S09 1.096 1.712 52.51 5.1^7 1+92.0 2.21+8 5.1 

SDH 1.357 1.877 52.21 5.187 1+92.0 2.288 5.1 

SD16 2.021+ 2.292 51.67 5.285 1+92.0 2.587 5.1 

J8 2.651 2.67^ 50.95 5.51+0 1+92.0 2.1+ia 5.1 

J9 5.515 5.186 50.17 5.1+12 1+92.0 2.515 ).l 
JIO ^.575 5.680 29.65 5.W5 1+92.0 2.581+ 5.1 

Jll 5.225 '+.160 29.15 5.558 1+92.0 2.658 5.1 

J012 6.081 ^.655 28.66 5.591 1+92.0 2.691 5.1 

SDl+6 6.529 I1.876 28.36 5.6ll+ 1+92.0 2.715 5.1 

SUkS 6.820 5.052 28.17 5.628 1+92-0 2.726 5.1 

This Table was furnished by Dr. J.M. Bowyer, member of 
the Applied Research Group, Convair, Astronautics. It 
was computed by the method of characteristics. 
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The error in the above approxlnationc ic Iccc than 0.5^ of the tabulated 

valueci 

In addition to the above coefficientD, and the thcrnodynnmc data 

riven in Table I, the follow in/; Input data were uccd:  (the cyribols arc 

defined in Section II-c). !le ■ kJfti, T.t  ■ 1.2?5, TT •= 6300on, 

j'w - 5.700, na « 1.965, rG = i.ho, T^ ■ 505°!!, PTJ ■ U92.0 »wjufi, 
PT » 5-075 Ibc/in2, L ■ 1.91 ft, Prt = 0 .Bo, Uk = 1.20, 0 ■ 56.0, 

IT - lU, nL = - 1.50 and -5.0, k = 0.125. 

The concentrations of epecies at x = 0, and at the upper nnd IflMr 

boundariec are 

Species 
a 

0 

xi 

Ha0 0.566 

\ 0 0.11+20 

02 0.255 0.0072 

co2 

CO 

0 

0 

0.1572 

0.5H76 

"a 0.767 0 

The value of B = -lt50 was used to compute the first five steps In 

the development of the mixing layer (x =0.625).  A run vaa then made 

with BT=
3-5.0, and the analyaia waa carried to x=1.25, i.e., 1-l/U 

nozzle exit radii. The reaulta are plotted in Figurea 2 through 6, in 

terma of both the ♦ and the y coordinate. The computed reference values 

are U ■ 7U36.6 ft/aec and T " 1926.5 'B. The velocity and concentration 
0 o 

profilea, Figurea 2, 5» »nd 6 have the expected trend, and are not af- 

fected by the value of B.. It it noted in Figurea k  and 5 that the tem- 

perature profilea exhibit a "bulge" near the x-axia. The peak thus ob- 

tained ia lower by about 5$ for the larger value of B (and therefore h). 

It la believed that thia error ia the reault of the larger a. ah aiza. 

1  
The valuer, of "X^ listed above arc based on the results obtained by 

I!cu and Doynton.2 
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In order to determine whether the bulge in the temperature profiles 

develops Into a sharp peak, and also to obtain the thickness of the mix- 

ing layer further downstream, the solution was carried to x = 5•'•, (5 nozzle 

radii) using B - -1?.0.  A plot of the computed thickness Is given In 

Figure 7» fQ  reduce the computation time, the value of k, the step size 

In the x-dlrection was doubled. This Increase Introduced some error in 

the peak values of the temperature profiles (not reported here). The net 

increase between the peak value and the asymptotic value at the lower 

boundary was found to be 1^ at x-^.O  as compared to 12.5^ at x-O.*?. 

It appears that the cooling of the gases at the boundary, as a result of 

the expansion, and the low value of the pressure In the mixing layer 

(p = 0.17 lb/in7' at x-^.O)  prevent the bulge In the temperature profile 

from developing into a sharp peak. 

r 
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c 

noaascuttOBE 
5C, dincnslonlccs pararactor defined by I]q. (37) 
k 

L reference lencth 

M llach nunber 

II nvunber of internal crid pointc 

p preccure (dincnGionlcsc when not subscripted, otherwise hac 
the units of lbs/in2) 

p^. dimcnsionleGs pressure Gradient 

r y coordinate of the jet boundary ao sho'.m in Fifilire lb. 

R universal Gac constant 

R nac  constant for the mixture 
n ■ 

T tenperature (dinensionless or in 0R as noted) 

U velocity at the boundaries (ft/sec) 

II molecular veinht of the mi:<ture 
m 

I dimensionless coordinate 

X :: coordinate of the ,1ct boundary as shown in Figure lb. 

X., nole fraction of snecies i 

Tubscripts 

a denotes initial conditions (:: = O) for the air-stream side 

e initial conditions (x = o) for the Jet side 

J Jet-side conditions for x > 0 

o reference values 

s conditions on the air-stream side for ;: > 0 

T   total or stagnation conditions on the Jet side 
J 

T   total conditions on the air-stream side 
s 

00   free stream conditions 
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Greek Symbols 

üt , a cocjuficlentG appearluc in tho polynonlal for M 

ß ,  ß, coefficientG appearinn in the polynomial for M 
CO   * G 

X,. ratio of opecific heatr. for the Jet cide 

X ratio of opecific heatG for tho air side 

o Jet cpread fact1-' 

1 
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APPENDIX 

The value of <J is to be obtained from experimentB on the rate of 

spread of euperBonlc Jets.  At the present time, the available data are 

limited to values of M < 1.60, and the results of various Investigators 

vary widely, as seen In Figure 8.  In this figure, the quantity a refers 

to the value of o for an Incompressible Jet (M -♦ 0). The value of 

a    ■ 12, has been established by numerous experiments. For M > 2 values 

of the ratio o/a   obtained from the experimental data of Anderson and 

Johns, (Jet Propulsion, Vol. 25, No. 1, 1955) on Jets from solid propel- 

lant rocket motors have been used, for lack of other data. For M = l.UO 

and 1.84 the data on hot air Jets In this reference Is In fair agreement 

with the results of other Investigators.  A smooth curve has been drawn 

through the various points to describe the possible variation of a/a 

with M.  Obviously this curve is only tentative and should be revised 

when more information becomes available 
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